The Bäklund transformation related symmetry is nonlocal, which is hardly to apply in constructing solutions for nonlinear equations. In this paper, we first localize nonlocal residual symmetry to Lie point symmetry by introducing multiple new variables and obtain new Bäklund transformation. Then, by solving out the general form of localized the residual symmetry, we reduce the enlarged system by classical symmetry approach and obtain the corresponding reduction solutions as well as related reduction equations. The localization procedure provides a new way to investigate interaction solutions between different waves.
I. INTRODUCTION
It is known that the the physical laws ruling our world is essentially nonlinear, which explains why almost all of the fundamental equations of natural science, including physics, chemistry, biology, astrophysics, etc., are nonlinear. To discover these laws and write down the corresponding equations is important, while to study these nonlinear equations by varied methods through which to reveal the underlying meaning is equally important. Nonlinear equations are usually hard to solve out explicitly, so perturbation, asymptotic and numerical methods are often used, with much success, to obtain approximate solutions of these equations. However, there is also much current interest in obtaining exact analytical solutions of nonlinear equations. Among which, the study on integrable system plays an important role and various effective methods have been developed to study its different properties.
Since the Lie group theory was introduced by Sophus Lie to study differential equations [1] , the study of Lie group has always been an important subject in mathematics and physics.
If the nonlinear equations has Lie point symmetry group, one can lower dimensions of partial differential equations (PDEs) by using both classical and non-classical Lie group approaches [2, 3] . This provides a method for obtaining exact and special solutions of a given equation in terms of solutions of lower dimensional equations, in particular, ordinary differential equations. Bäklund transformation (BT) is another powerful method to search for new solutions of PDEs through known ones. But the interaction between different waves is hard to study by the original BT because it is very difficult to solve when the seed solutions is taken as nonconstant nonlinear waves such as the cnoidal waves and Painleve waves. In this paper, we no longer concentrate on the traditional BT itself but switch to study its infinitesimal transformation, i.e. its symmetry and use this symmetry to construct new exact solutions. However, the BT related symmetry is nonlocal [4] , which is hardly used for reducing the corresponding equation. One of the best way to concur this difficulty is to localize it by introducing new dependent variables, such that the symmetry become localized in the new enlarged system [5, 6] .
In this paper, we consider the well-known Boussinesq equation in the form
The Boussinesq equation arises in several physical applications, such as propagation of long waves in shallow water [7] [8] [9] , one-dimensional nonlinear lattice-waves [10, 11] , vibrations in a nonlinear string [12] and ion sound waves in a plasma [13, 14] , etc. For the Boussinesq equation, a considerable number of explicit solutions, especially the multisoliton solutions and periodic solutions, have been obtained by various methods including inverse scattering transformation, the symmetry method, the Hirota bilinear method, the Darboux transformation (DT), the Bäklund transformation, the tanh expansion method, etc.
The paper is organized as follows. In section 2, we obtain the residual symmetry by using the Painlevé truncated expansion method then we localize it by introducing multiple new variables. By the way, the finite group transformation theorem is consequently obtained by Lie's first principle. In section 3, the general form of Lie point symmetry group for the enlarged Boussinesq system is obtained and the similarity reductions for the prolonged system is considered according to the standard Lie point symmetry approach with some special explicit solutions are given. The last section is devoted to a short summary and discussion.
II. LOCALIZATION OF RESIDUAL SYMMETRY AND THE RELATED BÄCKLUND TRANSFORMATION
Since the Boussinesq equation has the Painlevé property, i.e. it is Painlevé integrable, there exist a truncated transformation
for positive integer α. By balancing the nonlinear term and dispersion term in Eq. (1), we have α = 2. Hence the truncated Painlevé expansion reads
It an be easily verified that the residue u 1 of the truncated Painlevé expansion (3) with respect to the singular manifold φ is a symmetry of (1) with the solution u 2 . To prove this conclusion, we substitute (3) into the Eq. (1) and get
Vanishing the coefficients of φ 0 and φ −1 in (4), we see that u 1 satisfies the linearized Boussinesq equation with u 2 being the solution, thus our conclusion is proved.
In order to determine the residual symmetry σ u = u 1 and the Schwarz form of Boussinesq equation, we proceed to vanish the coefficients of φ −6 , φ −5 and φ −4 in (4) then we have
and
Now by substituting u 0 , u 1 and u 2 in Eqs. (5) and (6) into Eq. (4) meanwhile vanishing the coefficient of φ −3 , we get the schwarz form of Boussinesq equation
with {φ; x} = φxxx φx
. Eq. (7) is form invariant under the Möbious transformation
which means Eq. (7) possess three symmetries
with arbitrary constants d 1 , d 2 and d 3 . Apparently, the residual symmetry σ u = u 1 is related with the Möbious transformation symmetry (9) by the linearized equation of (6).
It is clear that the residual symmetry
with φ satisfying Eq. (7) is nonlocal and this symmetry is just the generator of the Bäcklund transformation (3). In order to study the transformation properties of Boussinesq equation
by this symmetry, we have to localize it to Lie point symmetry by introducing the following new variables
All the symmetries corresponding to different variables are related each other by the linearized equations of (1), (7), (11), (12) and (13), i.e.,
It can be easily verified that the solutions of (14) has the form
The result (15) indicates that the residual symmetries (10) is localized in the properly prolonged system (1), (7), (11), (12) and (13) with the Lie point symmetry vector
In other words, symmetries related to the truncated Painlevé expansion is just a special Lie point symmetry of the prolonged system. Now, let us study the finite transformation group corresponding to the Lie point symmetry (16) , which can be stated in the following theorem.
Theorem 1.
If {u, g, h, m, φ} is a solution of the prolonged system (1), (7), (11), (12) and (13), then so is {û,ĝ,ĥ,m,φ} witĥ
with arbitrary group parameter ǫ.
Proof. Using Lie's first theorem on vector (16) with the corresponding initial condition as follows
one can easily obtain the solutions of the above equations stated in Theorem 1, thus the theorem is proved.
III. NEW SYMMETRY REDUCTIONS OF BOUSSINESQ EQUATION
Because the nonlocal symmetries cannot be used directly to constructed exact solutions of differential equations, we seek the Lie point symmetry of the prolonged Boussinesq system in the general form
which means that the prolonged system (1), (7), (11), (12) and (13) is invariant under the following transformation {x, t, u, g, h, m, φ} → {x + ǫX, t + ǫT, u + ǫU, g + ǫG, h + ǫH, m + ǫM, φ + ǫΦ}
with the infinitesimal parameter ǫ. Equivalently, the symmetry in the form (24) can be written as a function form as
Substituting Eq. (26) into Eq. (14) and eliminating u t , g x , g t , h x , h t , m t , φ x and φ t in terms of the prolonged system, we get more than 200 determining equations for the functions X, T, U, G, H, M and Φ. Calculated by computer algebra, we finally get the desired result 
Other well-known symmetries, like x and t translation invariance symmetries, are also included in the symmetry group.
Consequently, the symmetries in (26) can be written as
To give the group invariant solutions of the enlarged system, we have to solve the equations (29) under symmetry constraints σ u = σ g = σ h = σ m = σ φ = 0, which is equivalent to solve the corresponding characteristic equation
Without loss of generality, we consider the symmetry reductions categorized as the following three subcases. In this case, by solving Eq. (30), we get
where the group invariant variable is ξ = c 1 t+c 2 c 1 x 2 , while U, G, H, M and Φ are all group invariant functions of ξ.
To get the symmetry reduction equations for the group invariant functions U, G, H, M and Φ, we first substitute Eqs. (31), (32), (33) and (34) into Eqs. (11), (12) and (13), then we have
Next, we substitute Eqs. (31) and (35) into Eqs. (7) and (6) with u 2 substituted by u, replacing M, G, H by Eqs. (36), (37) and (38) at the same time, we finally get the symmetry reduction equations for U and Φ as Similarly to case 1, solving the characteristic equation with the assumed condition, we get the following symmetry reduction solutions for the enlarged Boussinesq system 
with integral constants taken as 0, then we finally get the special solution Boussinesq system by using Lie's first theorem. After obtaining the general form of localized residual symmetry in the enlarged system, we considered the symmetry reduction in three subcases without loss of generality. In these three cases under consideration, we obtained new symmetry reduction solutions for the enlarged Boussinesq system as well as the corresponding symmetry reduction equations for symmetry group invariant variables. Then the exact solutions for Boussinesq equation (1) can be constructed by solving these symmetry reduction equations. We also give some special explicit solutions under certain constraints.
In this paper, we have shown that nonlocal symmetry can be used to construct new exact solutions for nonlinear equations, so it is meaningful to get as much as possible nonlocal symmetries. Besides Painlevé analysis to obtain nonlocal residual symmetry, there exist other various ways to obtain nonlocal symmetries, such as those obtained from Bäcklund transformation, the bilinear forms and negative hierarchies, the nonlinearizations [15, 16] and self-consistent sources [17] etc. Applying the localization procedure to these various nonlocal symmetries to constructed new exact solutions would deserve further study. Another critical question is what kind of nonlocal symmetries can be localized in a closed system, that also needs deep investigation to establish universal criterion for localizing procedure.
